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Abstract

The quantum mechanical two-body problem with a central interaction on the
sphere S" is considered. Using recent results in representation theory, an
ordinary differential equation for some energy levels is found. For several
interactive potentials these energy levels are calculated in explicit form.
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1. Introduction

The history of mechanics on constant curvature spaces began more than one and a half centuries
ago. The analogue of Newton (or Coulomb) force for the hyperbolic space H? had already
been proposed by the founders of the hyperbolic geometry Lobachevski (between 1835 and
1838) [1] and Bolyai (between 1848 and 1851) [2] as the value F (p), which is inverse to the
area of the sphere in H? of radius p with an attractive body in the centre.

The analytical expression for the Newtonian potential in the space H®> was written in
1870 by Schering [3] (see also his paper [4] of 1873), without any motivation or references to
Lobachevski and Bolyai.

In 1873, Lipschitz considered a one-body motion in a central potential on the sphere S?
[5]. He knew that the central potential V. satisfies the Laplace equation on S*. However, for
some reason he preferred to consider another central potential V (p) ~ sin~!(p/R), where p
is the distance from the centre and R is the curvature radius. He calculated the general solution
of this problem through elliptic functions.

In 1885, Killing found the generalization of all three Kepler laws for the sphere S [6].
He considered the attractive force as an inverse area of a two-dimensional sphere in S? as
Lobachevski and Bolyai did before. In the following year, these results were also published
by Neumann in [7]. Their expansion onto the hyperbolic case was carried out in the Liebmann
paper [8] in 1902 and later in 1905 in his book on non-Euclidean geometry [9]. Note that he
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started from ellipses in S* or H? and derived a potential in such a way that the first Kepler law
would be valid. He also derived the generalization of the oscillator potential for these spaces
from the requirement that a particle motion occurs along an ellipse with its centre coinciding
with the centre of the potential.

Also in the paper [6], Killing proved the variable separation in the two-centre Kepler
problem on the sphere S”, which implies the integrability of this problem.

The well-known Bertrand theorem [10] states that up to an arbitrary factor there are only
two central potentials in Euclidean space that make all bounded trajectories of a one-particle
problem closed. In spaces S?, H? there are also only two potentials V, and V, with this
property. It was proved by Liebmann in 1903 [11], see also [9].

One can consider the classical mechanics in spaces of constant curvature as a predecessor
of special and general relativity. After the rise of these theories, the above papers of Schering,
Killing and Liebmann were almost completely forgotten. Note that the description of a particle
motion in central potentials in spaces S* and H®> was shortened in the second and the third
editions of the Liebmann book [9] with regard to the first edition in favour of special relativity.

Similar models attracted attention later from the point of view of quantum mechanics and
the theory of integrable dynamical systems. This led to the rediscovery of the results described
above in many papers. Note however that almost forgotten results of Schering, Killing and
Liebmann were described in the survey [12].

The quantum mechanical spectral problem on the sphere S for potential V.. (Coulomb
problem) was solved by Schrodinger in 1940 by the factorization (ladder) method, invented
by himself [13]. Stevenson in 1941 solved the same problem using more traditional analysis
of the hypergeometric differential equation [14] (see also Infeld result in 1941 [15]). Infeld
and Schild in 1945 solved a similar problem in the space H3 [16] (see also [17]).

The connection of the Runge—Lenz operator for the quantum Kepler problem in S* with
the Schrodinger ladder method was discussed by Barut and Wilson in [18]. In [19], Barut,
Inomata and Junker solved the Kepler problem in S§* and H? using functional integration. In
papers [20, 21], Otchik considered the one-particle quantum two-centre Coulomb problem
in 8% and found a coordinate system admitting the variable separation. The corresponding
ordinary differential equations are those of Heun. In [22-26], there was developed an algebraic
approach to one-particle problems for potentials V, and V, in spaces S”, H". Transformations
between the Coulomb—Kepler and oscillator problems existing in the Euclidean space were
generalized for the sphere in [27]. In [28], Bogush, Kurochkin and Otchik considered Coulomb
scattering in the space H°.

The two-body problem with a central interaction in constant curvature spaces S" and
H" considerably differs from its Euclidean analogue. The variable separation for the latter
problem is trivial, while for the former one no central potentials are known that admit a variable
separation.

The classical two-body problem with a central interaction in constant curvature spaces
was considered for the first time in [29]. Its Hamiltonian reduction to the system with two
degrees of freedom was carried out by explicit coordinate calculations. For some potentials,
there was proved the solvability of the reduced problem for an infinite period of time.

In [30], the self-adjointness of the quantum two-body Hamiltonian in spaces S? and
H? was studied. Also, some infinite energy series for this Hamiltonian with some central
potentials on S were found there in explicit form.

Simply connected constant curvature spheres S" and hyperbolic spaces H" are
representatives of the class of two-point homogeneous Riemannian spaces (TPHRS). Such
spaces are characterized by the property that any pair of points can be transformed by means
of an appropriate isometry to any other pair of points with the same distance between them.
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Equivalently, these spaces are characterized by the property that the natural action of the
isometry group on the unit sphere bundle over them is transitive. The classification of TPHRS
can be found in [31].

For a smooth manifold M endowed with a left action of a Lie group G, denote by
Diff(M) = Diff (M) the algebra of G-invariant differential operators on M with smooth
coefficients. For a Riemannian manifold M let Mg be the unit sphere bundle over M. Let O
be an arbitrary TPHRS, endowed with the action of the identity component of the isometry
group for Q.

In [32], there was found a polynomial expression for the quantum two-body Hamiltonian H
on Q through aradial differential operator and generators of the algebra Diff (Qg). Coefficients
of this polynomial depend only on the distance between particles.

Algebras Diff (Qs) are noncommutative. A full set of their generators and corresponding
relations' was found in [33].

Let 2 be a set of Diff(Qg) generators presented in the expression for the Hamiltonian
H. Every common eigenfunction of operators from 2 generates a separate spectral ordinary
differential equation for the two-body quantum mechanical problem on TPHRS. The search for
such a common eigenfunction is not an easy problem. Inlow dimensions for Q = 8%, Q = §3,
this problem was solved in [30] and [34] using an explicit description of SO(3) and SO(4)
irreducible representations. The present paper deals with this problem for the general spherical
case O = S". Progress is made using the results in representations theory of the algebras
so(n, C) in [35] and [36].

The paper is organized as follows. Sections 2—4 are of a preparatory character.
Sections 2 and 3 contain basic facts on invariant differential operators on homogeneous
spaces and regular representations of compact Lie groups, respectively. In section 4, there is a
description of the quantum two-body Hamiltonian on the sphere S” through a radial differential
operator and generators D;, i =0, 1, 2, 3, of the algebra Diff(S%).

Sections 5 and 6 form the main part of the paper. In section 5, we calculate actions
of operators D;,i = 0, 1,2,3, in a corresponding functional space and find all common
eigenvectors ¥ for operators D, Dy, D, and optionally D;. Using these eigenvectors, we
derive in section 6 a separate ordinary differential equation of the second order for a radial
part of a two-body eigenfunctions. For Coulomb and oscillator potentials this differential
equation is Fuchsian and we consider its reducibility to the hypergeometric one using the
rational change of an independent variable. This reduction is possible for some eigenvectors
Y¥p that lead to an explicit form of some infinite energy level series for the two-body problem
with Coulomb and oscillator potentials.

Necessary information concerning complex orthogonal Lie algebras, self-adjoint
Schrodinger operators on Riemannian spaces and Fuchsian differential equations is collected
in appendices A-C.

2. Invariant differential operators on homogeneous spaces

Here we shall briefly describe the construction of invariant differential operators on
homogeneous spaces [37].

Let G be a Lie group of dimension N and K be its subgroup of dimension N — £. Denote
the corresponding Lie algebras as g and €. Suppose that the algebra g admits the reductive
expansion

g=pat, (D

' One relation for the quaternion projective space and its hyperbolic analogue was calculated only in leading terms.
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for a subspace p C g, i.e. Adgp C p. For a compact Lie group G such subspace p can always
be constructed using the invariant integration on G. Let (e; )?’:1 be a base in g such that (e j)§'=1
is a base in p.

Let S(p) be a symmetric algebra for the linear space p. The Adg-action on p is naturally
extended to the Adg-action on S(p). The main result of the general theory [37] is that
G-invariant differential operators on G/K are in one-to-one correspondence with the set
S(p)X of all Adg-invariant elements in S(p).

Let: : p — S(p) be an inclusion, U (g) be the universal enveloping algebra for g and
A S(p) — U(g) be a linear symmetrization map, defined on monomials by the formula

1 . .
k(ez'“"i)=gZeinm"'@iw I<ij<t, 1<j<k,
'UEG/,

where e;"j :=1(e;;) and & is the full permutations group of k elements. Evidently,

A S(mE — U@k,

where U (g)¥ is the set of all Adg-invariant elements in U (g)X.
Let P(ey, ..., ey) be a polynomial depending on noncommutative elements. Denote by
é; the left invariant vector field on G, corresponding to the element e¢; € g = 7,G :

. d
éilg = — gexp(te;), g €G.
dr -
Then, Dp := P(éy, ..., €y) is a left invariant differential operator on G.
Functions on the homogeneous space G/K are in one-to-one correspondence with
functions on the group G that are invariant w.r.t. right K-shifts. For P(ey, ..., ey) € U(g)¥

the differential operator Dp, acting on such functions, can be considered as a G-invariant
differential operator on the space G/K and every such operator can be uniquely represented
in the form

(A (Po))(Er, ..., €0)),
for some Py € S(p)X.

3. Regular representations of compact Lie groups

Let G be a compact connected Lie group and p be a bi-invariant positive measure on G, unique
up to an arbitrary factor [38]. Let £2(G, u) be a Hilbert space of measurable complex-valued
functions on G, square integrable w.r.t. the measure u. Define two unitary left representations
of G in the space £L>(G, ). The left regular representation T' acts by the left shifts

(T)f) ) = fa 9. 9.8 €G, fer*G.
and the right regular representation T" acts by the right shifts
(17 1)) = f g9, q.8 €G, f e LG, ).

Evidently, these representations are equivalent with the intertwining operator f(g) — f(g~").
It is well known that these representations expand into direct sums of finite-dimensional
unitary irreducible representations (irreps). Each of these irreps is contained in 7! or 7"
with a multiplicity equal to its dimension and every linear irreducible representation of G is
equivalent to an irreps from this sum [39, 40].

Let T, be a full system of unitary irreps for G in spaces Uy, £ = 1, 2, .... Choose in every
U, an orthonormal base (€g’k)z[= 1» d¢ == dim¢ U,. Define matrix elements te",k of operators
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g?’ by the equation Tqréj’k = té’k(q)ee,,- or equivalently by té,k(q) = (eg,,-, TqrEg’k)Uz, q € G.
ince

i @@e =T, T)ep = tZ,[(g)fé,k(q)ee,j, 8:9€GC

one has

t,(89) =t} ;1] . (q). )
Therefore, the subspace R,; C L2(G, ), spanned by functions (té j (g))j{“=1 ,is invariant under
operators T, and the representation 7" |g,, is equivalent to 7;. On the other hand, formula
(2) implies that the subspace L, ; C L2(G, ), spanned by functions (té j (g))f.l[=1
under operators qu and the representation T'| £.; is again equivalent to 7y. The functions

(téj(g))iij:l, ¢ =1,2,..., form an orthogonal base in the space £>(G, 1) [38—40] and

, 1s invariant

R w(G)
i ez = dy
Thus, the space
dy de

is invariant under representations 77 and 7!. The representation 7" intermixes spaces
L ; of representations 7' and vice versa the representation 7' intermixes spaces R;; of
representations 7. The space £>(G, 1) of representations 7" and T'! expands into irreps as
follows:

dy dy
LY2G, p) = @Zz = @@Rz,i = @@ﬁe./‘-
¢ ¢ =1 ¢ j=1

For a Lie subgroup K of the group G, the subspace £>(G, K, u) C £L*(G, 1), consisting of
functions invariant w.r.t. all right K-shifts on G, is invariant w.r.t. left G-shifts. Therefore,
there are only two possibilities:

Lo NLYG, K, ) =Ly and Lo NLAG, K, 1) =0.

The consideration above implies the following proposition.

Proposition 1. Let

T :=T.NLG. K, ), Rei=Rei N LG, K, 1), dy = dimg Ry
Evidently, the value d; does not dependoni =1, ..., d,. The representation T' |7 is expanded
into the direct sum of equivalent irreps in spaces Efk, k =1,...,d¢, which are among of

Ly, ;. On the other hand,
dy
T, = @Re,i,
i=1

where the spaces Ry ;,i = 1,...,dy, are isomorphic to each other.
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4. Two-body Hamiltonian on the sphere S™

Let S”, n > 2, be the n-dimensional sphere, endowed with the standard metric g of a constant
sectional curvature R~2, R > 0 and

1 9 0
A= —— U
77 o <ﬁ 8 i )
be the corresponding Laplace—Beltrami operator, expressed through local coordinates, where
y = det||g;;|l. We start from the description of the two-body quantum Hamiltonian on S"
found in [32, 41].
The configurations space for the two-body system on S” is

S" x §". 3)
The Hamiltonian for this system is
1 1
Hy=Hy+V=——mA — A2+V(p), (4)
2m, 2mo

where A;,i = 1,2, is the Laplace—Beltrami operator on the ith factor of (3) and p be
the distance between particles. It should be defined on some subspace Dom(H) dense in
L% (S" x 8", x x x) to be a self-adjoint operator, where y is the measure on §" induced by
the metric. In local coordinates, x has the form x = ,/y dx; A --- A dx,. Note that the free
Hamiltonian Hj is the Laplace—Beltrami operator for the metric

g2 i=mA g +myitsg @)

on (3), multiplied by —1/2, where 7*g is the pullback of the metric g with respect to the
projection on the ith factor.

Let G = SO(n + 1) be the identity component of the isometry group for the sphere S”.
One can consider SO(n + 1) in the standard way as

SOn+1)=(AeGLn+1,R)|AAT = E,detA = 1),

where E is the matrix unit. The configuration space (3) is endowed with the diagonal G-action
and the differential operator (4) is G-invariant.
Let K = SO(n — 1) be a subgroup in SO(n + 1) with elements of the form

E, O 1 0
(0 A)’ E2—<0 1>, AeSOn—1).

Up to amanifold of dimension n, consisting of antipodal points, the configuration space (3)
can be represented as the direct product

I x (G/K), (6)

where I = (0, 7 R) and the factor space G/K is G-homogeneous w.r.t. left shifts [32]. The
space G/K is isomorphic to the unit sphere bundle over S” [33].

The Lie algebra g = so(n + 1), corresponding to the group G, consists of skew-symmetric
matrices. Let Ey; be the matrix of the size (n + 1) x (n + 1) with the unique nonzero element
equals 1, locating at the intersection of the kth row and the jth column. Choose the base for
the algebra g as

‘l—’ijEkj—Ejk, 1§k<j<l’l+1.
The algebra g admits the reductive expansion (1), where the subspace p is spanned by elements

Wi, 2<k<n+1, Wy, 3<k<n+l1.
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In the general case n > 4 generators of the commutative algebra S(p)X can be chosen
[33] as

n+l n+l n+l
* * 2 * \2 * *
—\.[I127 E :(\Ijlk) ’ 2 :(ql2k) ’ - § :lplk\’[JZk'
k=3 k=3 k=3

In the case n = 3, there is the additional generator
OF = Wisw3, — Wi W,
In the case n = 2, the group K is trivial and generators of S(p)X = S(p) are simply

i, Vi, Wi
In all cases, we shall consider elements
n+l n+l n+l
2 2
Do = —W,, D, = ;wlk, D, = ;w%, Ds=—3 ;{wlk, Wy (D)

from U(g) as invariant differential operators on the space G/K, where {-, -} means an
anticommutator. The commutative relations for differential operators (7) are (see [33])

[Dy, D1] = —2D;, [Dy, D;] = 2D;s, [Do, D3] = Dy — D»,
(n—1Dxn-3)
[D1, Dy] = =2{Dy, D5}, [D1, D3] = —{Dy, D1} + fl)o, (8)
-1 -3
(D, D3] = (Dy, Dy} — L= D=

2
For n = 3, the additional operator
O:= 1({Wi3, Wy} — {¥1s, ¥23})
lies in the centre of the algebra Diff;(G/K).
Define a new coordinate 7 on the interval / by the equation
I

r = tan (ﬁ) , r € R, := (0, 00).

Results from [32, 33] imply the following theorem.

Theorem 1. The quantum two-body Hamiltonian on the sphere S" can be considered as the
differential operator

(1+r>)" 3 prl 0 mia? + m2,32
C SmR2r1 9r ° ((1 +r2)n=2 5) - 2mim, R?
L ma —myp)(d +r3)" {i r"~'Dy }
4mym, R2rn—1 ar’ (1 +r2)n-1

Dg

1
_E(CDI +ADy;+2BD3)+ V(r), )

on the space R, x G, where
mymy
mi=——, (10)
mi+myp
a parameter a € (0, 1) is arbitrary, p :== 1 — «a and

1+ r?)?
" dmmyR2r2

o+ r?)?
" 8mymyR2r2

_ (1 +7r%)?
" dmmyR2r2

(m; 0052(2a arctanr) + m; cos’ (2B arctanr)),
(m sin(4« arctanr) — m; sin(4p arctanr)),

(my sin2(2a arctanr) + my sin’ (2B arctanr)).
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The domain for operator (9) is dense in the space L*(R, x G, K, n), consisting of all complex-
valued square integrable K-invariant functions on R, x G, with respect to right K-shifts and
the measure

_ rldr
S (L+r)n

where w is a biinvariant measure on G, unique up to a constant factor.

dn ®du=dveduy,

In the following, we choose the parameter « in such a way that m ;o — my8 = 0, i.e.,
nmyp m
o= ————, IB = —1'
mip +my myp+my
For such choice operator (9) becomes
(1+r>)" 3 ( rl 0 ) 1 )

= — N i D
SmR 1 or C\(1+r)"2ar )~ 2(m; +my)R2°
1
— 5(CDy+ AD; +2BD) +V(1). (11)

It is obvious that
LRy x G, K, ) = LRy, v) ® L2(G, K, ). (12)
Operators Dg, D, D;, Ds act on the second factor in (12). This action will be studied in the
following section.
Note that B = 0 for m; = m,. Let yp € L%(G, K, 1) be a common eigenfunctions for

operators D(z), Dy, D, if m; = m, and also for Dj if m| # m5,. Then the following stationary
Schroédinger equation

H(f(r)¥p) = Ef(r)¥p 13)

is equivalent to a spectral problem for an ordinary differential equation for a function f(r)
and an energy level E (in other words to a one-dimensional stationary Schrodinger equation).?

Proposition 2. Let p be a common eigenfunction for operators Dg, Dy, Dy, D3 with
eigenvalues &y, 61, 8, and 83, respectively. Then,
1. 51 = 32 and83 = 0,’
2. Doyrp is an eigenfunction for operators Dé, Dy, Dy, D3 with the same eigenvalues
8o, 81, 6 and 83, respectively;
3. if DoWp # Y¥p, then Doyrp = /So\rp are eigenfunctions for operators Dy, D1, Da, D3;
4. if Doyrp ~ VYp, then either Dyyyp =0o0r 8y =8 = (n — 1)(n — 3) /4.

Proof. Relations [Dy, D3] = D — D, and [Dy, D;] = —2{Dy, D3} imply
[Do, D3)Y¥p = 83D0Yp — D3 Doyp = (D1 — D2)Y¥p = (81 — 82)¥p,

83DoVp + D3 Doyrp = {Dy, D3}yp = —3[D1, Dalyp = 0. (14)
The last two equations lead to
283Doyp = (81 — 82)¥p.- (15)

If 83 # 0, then the last equation implies Doyp ~ ¥p and the relation [ Dy, D] = —2 D3 gives
83¥p = D3yrp = —%[DO, Di]¢¥p = 0. Thus, §3 = 0 and equation (15) implies §; = &, that
proves the first claim of the proposition.

2 Note that such eigenfunctions are very special elements of the space £2(G, K, ) and they do not span it.
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Now from equation (14) one gets D3Dyy¥p = 0 and the first two relations (8) imply
DDyyp = Dy;Dogp = 81Do¥yp. The relation DéDolpD = 80Doyp is evident, which
completes the proof of the second claim.

The relation DS@&D = 8prp is equivalent to (D + /8¢ id) (Dy — +/8id)yp = 0. Now if
DoVrp # /So¥rp, then Yp = (Dg— /80 id)yrp is an eigenfunction for the operator Dy. The
function v, is also an eigenfunction for operators Dy, D, D3 due to the second claim. The
consideration for the function ¥/}, := (D + /80 id)¥p is completely similar. Thus, the third
claim is proved.

Assume now Doyrp = §,p. Then, the last relation from (8) gives

2808290 = 11 — D0 — 3)3,¥p.

It means either §; = 0 or §; = 8, = (n — 1)(n — 3)/4, which proves the last claim. ([l

5. Action of operators Dy, Dy, D,, D; in the space L*(G, K, 1)

Here, we use the notation of section 3 for G = SO(n + 1) and K = SO(n — 1). Below we
mean by the complexification g© of the Lie algebra g the following set

son+1,C) = (Aegln+1,C) | A+ AT = E). (16)

Operators D; are polynomial w.r.t. infinitesimal generators of right G-shifts. Therefore,
they conserve the spaces ,7'( and generally intermix its direct summands 55 wk=1,..., dy,
with constant £ and different k. On the other hand, they act in spaces ke. ; and their action is
the same for constant £ and differenti =1, ..., d,.

From now we shall treat complex spaces Ry, as simple left modules over gC. Their
subspaces R;; consist of elements annulled by the subalgebra ¢ = so(n — 1, C) C ¢°.

The classification of such modules based on the notion of a dominant weight is well
known [46, 47] (see also appendices A and B for a brief description). In order to apply
this theory one should use the form of so(n + 1, C), described in appendix A and different
from (16). Besides, since B, := s0(2k + 1, C) and D, := s0(2k, C) are different series of
simple complex Lie algebras, we shall consider cases of odd and even n separately.

5.1. The case n = 2k

In this section, we shall use notation from appendix A.1. In particular, by B; we mean the
set (A.1). First of all, we shall construct the isomorphism g© = %B; in explicit form.
Let

1 1
TEEk 0 «/_ESk

Jois1 = 0 1 0 e GLQ2k+1,C),
ﬁsk 0 \;—%Ek

where i is the complex unit. It is easily verified that
Joks1S2ur1Jo5e; = Enkst-

Therefore, the equation A7 Sy, + Sy A = 0 for A € gl(2k + 1, C) is equivalent to the
equation BT + B = 0, where B := (J2T1<+1)71AJZT,<+1. Thus, the map

-1
B — J2T1<+IB(JZYI;+1) (17)

is the isomorphism between g© and B;.
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Let
0 o A_ a A
—o 0 B_ b B,
C=|-AT —BT €9,

—a —b o

—-AT BT
where
A_ =(a_(k_1),...,a_1), A+=(a1,...,ak_1), B_ =(b_(k_1),...,b_1),
B+=(b1,...,bk,1), ai,bi,a,beR, C/€50(2k—1).

Move the second row and the second column of the matrix C to the last positions. This gives
the matrix
0 A a A, o

—AT —BT
C=| —a (ol —b | €502k +1), C' e s0(2k — 1).
—AT —BT

—a B_ b B, 0

The transformation (17) now gives for C := J%,,C(J%,,)”" the expression

—2ia Z_—iZ Sk N2z Z_Si +iZ, 0
sz ~ — 77—, 2]
C= 5 —\/TEZ . c’ —\/EZ ,

—ScZ_+iZ, N RVAES VA4
0 Z_—iZ.S-1 N2z Z_ S +iz. Dia

where Z_ := A_+iB_, Z, := A, -th+, z:=a+ib, C e B, _1. Let us identify Lie algebras
g® and B, through the map C — C. Due to the definition of W;; in section 4, one gets the
following formulae:

1

i

Wi, = iFy, W k2 = (Fro — For), “I,Z,k ) = (Fro + For),
JK+. ﬁ + ﬁ
1
\IJu=E(ij+Fk,_,-+F_kj+F_k,_j), j=i—k-2, 3<i<k+l,
\If]i=%(ij_Fk,—j+F_kj—F_k,_j), j=i—k—2, k+3<i<2%+1,
i
\1121’:E(F—kj‘f'F_k,—j_ij_Fky_j), J=l—k—2, 3<l <k+1,
1
\Ifzi=E(ij_Fk,—j+F—k,—JI_F_kj), j=i—k—2, k+3<i<2%k+1.
which imply
1 1 k—1
D1 = 5(Fio = Fo + 5 3 {Fos+ Figs P+ Py,
j=1
k—1
1 , 1
D2 = —E(Fko + FOk) + 5 Z{F_kj — ij, Fk,—j — F—k,—j}y (18)
j=1
i k—1
D; = E(szo - Fozk) +iZ(ijFk,,j — F_jFy ), Dy = —iFy.

Jj=1
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Since the case k = 1 does not fit the general scheme due to the triviality of the group K,
we assume from now k > 2. The case k = 1 will be considered below.

Letthe space R, ; equals Vig, (1) for ahighest weight (A.4), where m; € Z. ,jmd V;Bk (L) be
a subspace of Vg, (1) annulled by the subalgebra tC >~ %B,_,. Anelementv € Vs, (M), v #0,
is a highest vector of the trivial one-dimensional B;_;-module. Then propositions A.1 and
A.2 imply the existence of such numbers m/J €Zy,j=1,...,k, that

k =
my=0=m_, =0>--->mh>0>|m|
Thus,m’j =0,j=1,...,k—1andthereforem; =0,j=1,...,k—2.
From now till the end of the present subsection suppose
A = Mp_18k—1 + MyEy, my = myg_y =0, My, My—1 € Ly.
In this case, proposition A.1 implies that every module Vg, (m}&r) C Vo, (A) contains the
unique one-dimensional module Vg3, , (0). This fact leads to
dim Vs, (A) = my — my_y + 1. (19)
Thus, from proposition 1 one gets the following expansion [42]:

L2SOQk+1). S0k =D,y = @ Ong —mye1+ 1)Vas, (myer +miig-1),

mg Zmg_
mymy_1 €Ly

where the left-hand side is considered as a restriction of the left regular representation for the
group SO(2k + 1). On the other hand, the space

L3S0k + 1), S0k — 1), )
as a Diffso2k+1) (SO(2k + 1) /SO (2k — 1))-module is expanded as
L2SO0Q2k + 1), SO0k — 1), )
= @ (dim Vi, (meey + mi_18c-1)) Vs, (mey + my_18-1). (20

my Znmy—
mymy_1 €Ly

where dim Vg, (myer + my_16¢—1) is given by (A.8).

Let
k—1 1 k—1 1
- § 2 - § 2
Dt = 2 ijFk,—j + EFkO, D™ = - F—kjF—k.—j + E Ok

k-1
C := Clr2soarsn).sok—1.w = F + {Fro, For} + Z({ij, Fi} + {Fe—j, F_jx})
Jj=1
be operators from Diffsoi+1)(SO(2k + 1)/SO(2k — 1)), where C is the universal Casimir
operator (A.6). Due to (A.3) and (A.9), the operator D* ‘raises’ weight subspaces of Vig, (1)
and the operator D~ ‘lowers’ them.
Since [Fy;j, Fy —j1 = [F_gj, F—x,—;j] = 0, one gets the following relations:

1 ~ 1 ~
Dy = D"+ D"+ (F ~C), Dy =—D" = D"+ (Fj = C),
Ds = i(D* — D), D* = ~(Dy — Dy) — %D3, @D

1 i _
D‘:Z(DI—D2)+%D3, C=-D—D - D,
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Commutator relations (8) now give
[Fix, D*] =2D", [Fie, D71 =-2D", (22)
[D*, D7 ] = —%F,fk+%€‘Fkk+i(2k— 1)(2k — 3) Fix. (23)

Formulae (A.5) and (A.7) imply

~ 1 2 3 2 1 2 3 2
C’V%k(,\) = <<k+mk - 5) + <k+mk1 — 5) — (k— 5) — (k— 5) ) id. 24)

It follows from the paper [36] that
Vi (1) = Vore, @ Voo, @ -+ @ Vo2, @ Vi, (25)

where v = my, — my_, and all summands are one-dimensional weight spaces w.r.t. the Cartan
subalgebra b;. Formulae (A.3) and (A.9) imply

D*: Ve, = Vijsaje, D7: Vg, = V(j-2)e,-

The action of operators Fy, D*, D™ in the space V%k(k) was calculated in [36] w.r.t.
some base. In particular, in Vig, (A) there are no nontrivial invariant subspaces w.r.t. this action.
We shall obtain simpler formulae for the D*- and D~ -action w.r.t. a base in V%k()\) with a
normalization different from those in [36].

Lemma 1. Let L, := (—v, —v+2,...,v —2,v). There is a base (X;) e, in ‘N/sBk (A) such
that
Fuxj = Jxj D'y; = i(]' —mg —mp_1 —2k+3)(j —V)xjx2, (26)
D™y = 3(j +mp+me_y +2k = 3)(j +v)x;2. 27)

where x; =0if j & L,.

Progf. Since the action of an algebra, generated by operators Fy, D*, D™, is irreducible
in Vg, (A), one can define by induction nonzero elements x; € Vj,,j € L, such that
formulae (26) are valid. Prove by induction formula (27). For j = —v it is evident. Suppose
that (27) is valid for j = —v, —v +2,...,i, where i < v. Then using (24) one gets
16 —mg—mp_ =2k +3)(i —v)D” xip = D™D y; = (D™, D*1+D*D7)x;
= (1F} — 1CFu — L2k — D2k - 3) Fu) 1
+ 2@ +mg+mg_y +2k —=3)([ +v)D*xo
= 1(i* —i(mp +mi_ + 2k — Dmy + (2k — 3)my_y + 22k — 1)(2k — 3))) x:
+11—6(i +myg+my_1+2k =3)@+v)@ —mg —my_; —2k+ 1[I -2 —v)x;
= 1—'6(1' —my —my_1 —2k+3)0@ —v)T+mp +m_1 +2k— DI +2+Vv)y,
due to the identity
(G—my —myp_1 —2k+3)0@ —v)i+mp+me_1 +2k— DI +2+V)
—(+me+my_1 +2k=3)@+v)@ —myp —my_; —2k+1)(i —2 —v)
= 8% — 8i(mj +mp_; + 2k — Dmy + 2k — 3)my_y + 32k — 1)(2k — 3)).
Since (i — my — my_1 — 2k +3)(i — v) # 0, we obtain
D™ w2 = (i +myg +m_y +2k — DI +2+ 1) x;

that completes the induction. (]
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Lemma 1, expansion (20) and relations (21) effectively describe the action of operators
Dy, Dy, D, Dj in the space £2(SO(2k + 1), SO(2k — 1), u). Consider the problem of finding
all common eigenvectors ¥p of operators Dg, Dy, D, and optionally Dj3. It is equivalent to
the problem of finding all common eigenvectors of operators DS, D* + D~ and optionally
D* — D~ in the space Vg, (1).
Eigenvectors for the operator D(z) are
cixjte_x—j,cx€C,jel,, j=0
with eigenvalues — j2. Since
(DY + D7) ey +c-x—j) = 1(j —mg —mp—y — 2k +3)(j — v)(CaXju2 + C—X—j—2)
+ 5 my+ g+ 2k = 3)(j +v)(Caxj2 + e x-jr2),
the requirement
(D + D7) (csxj+Cox—j) ™~ CiXj+CX—j
implies (j — my — my_; — 2k +3)(j — v) = O that leads to two cases: j = my — my_; and
j =my +my_1 +2k — 3.
In the first case, one gets

(D+ + D_)(C+ka—mk,1 + C—X—mk+mk,1)
3
= (my —my_1) (mk +k— 5) (Cx Xmy—mp_1—2 F C— X—myptmy_1+2)

that implies one of three possibilities
1. M —MmMp_1 = O;
2. myg —myg—1 — 2= —Mmy + MmMi_q;
3.mpy—mp_1—2=0,cy +c_ =0.
Thus, we obtain the following eigenvectors:
1. (D*+ D7)y =0formy —my_; =0;
2. (D*+ D)0+ x-1) = (me+k = 3) O+ x-0) formy € Nymy—y = my — 1
3. (D*+ D7) ()1 — x—1) = —(mx +k — %)(Xl — x-1) form; e N,ymy_y =my — 1;
4. (D+ +D )2 —x2)=0,mp_y =mp —2,m, =2,3,....
In the second case, one gets my + my_; + 2k — 3 = j < my — my_; that implies
0<m_ < % — k and thus k = 1 that contradicts to the assumption k > 2.
Using relations (21) this consideration can be summarized in the following proposition.

Proposition 3. For n = 2k,k > 2 there are four series of common eigenvectors in
Vg, (myey + my_16¢—1), My, Mx—1 € Z, for the operators D(2), Dy, D,:
1. Dixo = D3xo =0, D1xo = Daxo = —my(my + 2k — 2) o, mg = my_y;
2. D3(x1+ x—1) = —(x1 + x=1), Da(x1 + x—1) = —mu(my + 2k — 2)(x1 + x-1),
Di(x1 + x—1) = (—=mg — 2(k — 2ymy + 2k — 3) (1 + X—1),
Dy(x1 + x-1) =i(mi+k — )1 — x—1).me—y =mp — 1,my € N
3. D§O0 — x-1) = —(x1 = x=1), D100 — x—1) = —my(my + 2k = 2)(01 — x-1)s
Dy(x1 — x—1) = (—mj — 2(k — 2my + 2k — 3) (1 — x-1),
Ds3(x1 — x—1) = —i(mg +k = 3) O + x=1). my—1 = my — 1, my € N;
4. Di(x2 = x-2) = =4(x2 = x-2), D3(x2 — x-2) = —4i(my +k = 3) xo,
Di(x2 — x-2) = Da(x2 — x—2) = (—=mj — 2(k — 2)my + 2k — 3)(x2 — x-2),
Ny _q =mk—2,mk =2,3,4,....

Only the first vector is also an eigenvector for the operator Ds.
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Multiplicities of corresponding eigenvalues in L*(SO(n + 1), SO(n — 1), ) are equal to
dim Vig, (myer + my_16¢—1) and can be calculated in explicit form using (A.8).

Consider the case k = 1,n = 2. Now the group K is trivial and therefore ‘N/%]()L) =
Vs, (1). The algebra B, = so0(3, C) = s[(2, C) = 2, is spanned by elements Fy;, Foi, Fio
with commutator relations

[Fi1, Forl = —For, [F11, Fio]l = Fio, [Fio, For]l = F1i.

Its representation theory is well known: all its finite-dimensional irreducible modules are of
the form

V%l (m81) = mesl @D Vf(mfl)sl ®---D V(mfl)al D Vmsl s

where m € 7, U (Z+ + %), all Vj,, are one-dimensional weight subspaces w.r.t. h; = span(F;)
and

Fio: Vie, = Viise j=-—m,...,m—1,
F01I Vjal — V(jfl)gl, ] = -—m+ 1, co.,m

are bijections.
We shall consider only m € Z, since
L2S0B3), ) = €D @m + 1) Vas, (mey).
meZ,

Thus, there are additional weight subspaces in the module Vig, (me;) w.r.t. expansion (25)

and the action of the algebra, generated by the operators D* = %F]ZO, D™ = %FOZI, is not
irreducible in Vg, (mey).

One can choose a base (Xj)lf:fm in Vig, (me;) such that
Xi € Viers Fuxj=Jjx; FlOXjz_%i\/(m_j)(m"']""l))(jﬂ,

Forxj = —5/m+ ) m = j+ D,

where as above x; = 0 for | j| > m.
Eigenvectors for the operator D(z) =-—F 121 are

cixjte—x—j,cx€C,j=0,1,....,m
with eigenvalues — j2. Since
(D* + D7) (eaxj +c-x-))
=iV = m+j+Dm —j =D+ j+2)(cixjsr+cx-j-2)
+ 3/ + =+ D+ = Dm = j+2)(ceXj—2 + - x-js2),

the requirement
(DY + D7) (caxj+Cox—j) ~ CiXj+C_X—j

implies (m — j)(m + j+ 1)(m — j — 1)(m + j +2) = O that gives two cases: j = m and
j=m-—1.
In the first case, one gets

(D" + D7) (C Ym + C— Xom) = 5/mQ2m — 1) (Cs Y2 + €~ Xms2)
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that implies one of three possibilities
l.m=j=0;
2.m—2=—m;
3. m—2=0,cy,+c_=0.
This gives the following eigenvectors:
1. (D*+ D )yo=0,m =0
2. (D*+ D)+ x-1) = 300+ x-0).m =1
3D+ D)1 — x-1) =—5001— x-1).m=1;
4. (D*+D7)(x2— x2)=0,m =2.
It is easily seen that these eigenvectors correspond to eigenvectors from proposition 3 for
mp=m, mp—_1 = 0.
In the second case, it holds
(D" + D7) (Camot + = Xme1) = 53/3Q2m = D = D)(Ce Y3 + € Xms3)

that implies one of three possibilities

I.m=1,j=0;

2. m—3=—-m+1,

3. m—3=0,c,+c_=0.
Thus, one gets the following eigenvectors:

1. (D*+D)x=0,m=1;

2. (D + D)+ x-1) = 30+ 4= m =2

3. (D + D)1 — x-1) = —3(x1 — x=1),m =2;

4. (D*+ D7 )(x2 — x=2) =0, m = 3.

Since it holds C | Voo, (me)

one gets the following proposition.

= m(m+ 1) id and relations (21) are also valid in the case k = 1

Proposition 4. There are eight common eigenvectors in Vi (mey) for the operators
D (%y D 1s D 27

1. D3xo = Dixo = Daxo = D3x0 =0,m = 0;
2. Dixo = D3xo =0, Dixo = Daxo = —xo.m = 1;
3. Di(x1 + x-1) = Da(x1 + x-1) = =Ci + x-1), Di(xa + x-1) = 0,
i

Ds(x1+ x-1) = E(Xl —X-1),m=1;

4. D1 — x-1) = D10 — x-1) = =(x1 = x-), D201 — x-1) =0,
i
Ds(x1 — x-1) = —5()(1 +x-1),m=1;

5. Di(x2 — x—2) = —4(x2 — x-2), D1(x2 — x=2) = Da(x2 — x-2) = —(x2 — x-2),
D3(x2 — x-2) = —/6ixo,m = 2;
6. D{(x1+ x-1) = Di(x1 + x=1) = —(x1 + x=1), Da(x1 + x—1) = —4(x1 + x-1),

3.
D3y(x1+ x-1) = El(Xl —X-1),m=2;
7. D3(x1 — x=1) = Da(x1 — x=1) = =1 — x=1), Di(x1 — x=1) = —4(x1 — x-1),

3,
D3;(x1 — x-1) = _El(Xl +xX-1),m=2;
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8. D(%(X2 - X—Z) = DI(XZ - X—Z) = D2(X2 — X_2) = —4(X2 — X—Z)a
D3(x2 — x—2) = —+/30ix9, m = 3.

Only the first and the second vectors are also the eigenvectors for the operator Ds.
Multiplicities of corresponding eigenvalues in £L*(SO(3), i) are 2m + 1.

5.2. The casen =2k — 1

Here, we use notation from appendix A.2. The algebra © is considered there as a subalgebra
of 9B,. Therefore, one can easily obtain analogues of formulae (18) simply by deleting the
terms Fio and Fyy:

k—1

. 1
Dy = —iFy, D, :EX;{kaj'Fij, Fk,7j+F7k,fj}a
j=
1 k—1 k—1
Dy = > ;{F—kj = Fyjs Fr—j — Fop - i D; = i;(ijFk,—j — FjFog—j).

LetNthe space Ry ; equals Vp, (1) for a highest weight (A.10), wherem; € Z,,i > 2,m; €
Z, and Vg, ()) be a subspace of Vg, (A) gnnulled by the subalgebra € >0, ;. Reasoning as
above in the case n = 2k, one gets that Vg, (1) is nontrivial iff

A =mpep +my_16_1, my 2 |myp_1], my € Ly, mi—1 € Zy, (28)

where Z; = Z, for k > 3 and Z), = Z. In this case, one has dim ng A) =my — |my_q| + 1.
Below in the present subsection we suppose that condition (28) is valid. This leads to the
expansion

LA(SO0QK), S0k —2), )= @) (mx — mi1| + 1) Vi, (mes +me_185-1)

my Z|my—i|
my EZ.,,,mk,[ EZ;(

of the left SO(2k)-space £>(SO(2k), SO(2k — 2), i) and to the expansion

L2(SO(2k), SOk — 2), )
= @ (dim Vo, (myex + mi—16c-1)) Vo, (myer + mi—ie-1),  (29)

my 2 |my_i|
my €Ly, my_1 €L,

of the same space as a Diffsoox) (SO(2k)/SO(2k — 2))-module, where the dimension
dim Vg, (myer + my_16¢—1) is given by (A.8).

Now let
k=1 k—1
D*:=Y " FyFi_j, D™ =Y F Fj
j=1 j=1
k—1

C:= Clrzsor sook-2 .0 = Fa+ Y (Fy, Fid + {Fe—j, F-ji})
j=1
be operators from Diffsook) (SO(2k)/SO(2k — 2)), where C is the universal Casimir
operator (A.11).
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Formulae (21) and (22) are valid without any modification and formula (23) becomes

[D*, D7) = =1 F} + 1CFy + (k — ) (k — 2) Fiy.

Now

5'%@) = ((mg+k— D>+ (me_1 +k =2 = (k — 1)?> = (k —2)?) id.
From [35] it follows that

Vm(/\) =V_ 1o, ®V_(0-2)e, @+ D Viv—2)e, D Vg

where v = my — |my_;|, all summands are one-dimensional weight spaces w.r.t. the Cartan
subalgebra b C D, and the algebra, generated by the operators D*, D™, acts in Vo .(A) in an
irreducible way.

Again we shall simplify formulae for this action w.r.t. [35] using another base. The next
lemma can be proved completely similar to the proof of lemma 1.

Leyma 2. Letv :=my — |my_1], L, := (=v, —v+2,...,v=2,v). There is a base (X;) jer,
in Vo, (A) such that

Fuxj = jxj» D*x; = 1(j —my — Imy_1| — 2k + ) (j — v) xj42,
D™ x; = 1(j +my+|my_1| +2k — ) (j +v)x;j-2,

where x; =0if j € L,.
Arguing as in the B;-case one gets the following proposition.

Proposition 5. For n = 2k — 1,k > 2, there are four series of common eigenvectors in
Vo, myer + |my_1|ex—1), mp € Zy, my_; € Z;(for the operators Dg, Dy, D,:

1. Dixo = D3xo =0, D1xo = Daxo = —my(my + 2k — 3) xo. my = |my_11;

2. Di(x1+ x—1) = —(x1 + x=1), Da(x1 + x—1) = —my(my + 2k — 3)(x1 + x—1),
Di(x1 + x-1) = (—=mg + (5 = 2k)ymy + 2k — 4) (x1 + x—1),
D3(x1+ x-1) =ilmp +k —2)(x1 — x-1), Imp—1| =mp — 1, mp € N

3. D§(x1 — x=1) = =1 — x=10, D10 — x=1) = —my(mg +2k = 3)(x1 — x-1),
Dy(x1 — x-1) = (—mi + (5 — 2kymy + 2k — 4) (x1 — x—1).
D3(x1 — x-1) = —imp +k —2)(1 + x=1), Img—1| =mp — 1, my € N;

4. D3(x2 — x-2) = —4(x2 — x-2), D3(x2 — x—2) = —4i(my +k — 2) xo,

Di(x2 — x—2) = Da(x2 — x-2) = (—=m} + (5 — 2k)my + 2k — 4) (2 — x-2).
|mk_1| =mk—2,mk =2,3,4,....

Only the first vector is also an eigenvector for the operator Ds.
Multiplicities of corresponding eigenvalues in L3S0 +1),50(n — 1), ) are equal to
dim Vg, (myey + my_16¢—1) and can be calculated in explicit form using (A.8).

Remark 1. For k = 2, a value of m;_; = m; can have an arbitrary sign and one gets eight
common eigenvectors found in [34].

Remark 2. Results of propositions 3-5 correspond to proposition 2 and are even more
restrictive. Indeed, if ¥p € £2(SOn + 1), SO(n — 1), u) is an eigenfunction for operators
D}, Dy, D, and D3, then Doyrp = D3yrp = 0, Diyyp = Dotp.
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6. Scalar spectral equations and some energy levels for the two-body problem in S™

Here, we shall consider the spectral problem (13), where the operator H is defined in (11)
and Vp is one of common eigenfunctions for operators Dg, Dy, D, and optionally D3. In
this section, m denotes reduced mass (10) and integers m; correspond to highest weights in
s50(n + 1)-modules.

Let Dgl//D = do¥p, Divrp = 6;¥p,i = 1, 2. In accordance with remark 2 there are two
main cases:

1. Dsyp =0, 89 =0, §; = 8,, particle masses are arbitrary;
2. D3yrp # ¥p, particle masses are equal.

In the first case,

(1 +7r%)?
(CD1 + AD2 +2BD3)WD = 81(C + A)IﬂD = Wé”ﬁD.
In the second case,
1+72 1+72
= —, B =0, C=——.
4mR?r? 4mR?

In all cases, one gets the following spectral equation for the function f (r):

n—1+@—-nyr? ,
A +rdr (1+7r2)2
a,b,c >0, 0<r < oo. (30)

f// +

(mRZ(E V@) — :1—2 . crz) f=o0,

where coefficients a, b, ¢ are described below.
For eigenfunctions v, classified in proposition 3 (n = 2k, k = 2, 3, ...), one has

1. a =c=my(my +2k —2)/8, b =2a, my € Z,, masses are arbitrary;

2.a =mp(mp+2k —2)/8,b = (m% + 2k — 3)my — k+2)/4, c= (mf +2(k — 2)my, —

2k + 3) 8, my; € N, masses are equal;

3.a = 6"% + 2k — 2)ym, — 2k + 3)/8,19 = (m,% + 2k — 3)m — k + 2)/4,c =
my(my + 2k —2)/8, m € N, masses are equal,

4. a =c= (mi+2(k—2)mp—2k+3) /8,b = (m}+2(k—2)m—2k+5) [4,my =2,3, ...,
masses are equal.

Proposition 4 (n = 2) gives the following values for a, b, c:

a = ¢ = b = 0, masses are arbitrary;
.a=c=1/8,b=1/4, masses are arbitrary;
a=1/8,b=1/4, c =0, masses are equal,;
a=0,b=1/4,c = 1/8, masses are equal,;

a =c=1/8, b =3/4, masses are equal;
a=1/2,b=3/4,c = 1/8, masses are equal;
a=1/8,b=3/4,c = 1/2, masses are equal;
.a=c=1/2,b=73/2, masses are equal.

®° N LR W

Finally, proposition 5 corresponds to the following cases (n =2k — 1,k =2,3,...):

—

.a=c=mg(my+2k—3)/8,b=2a,my € Z,, masses are arbitrary;

2.a =mp(mp +2k —3)/8,b = (mf + 2k —dmy — k + %)/4, c = (m% + 2k — S)ymy, —
2k +4) /8, my € N, masses are equal;

3.a = (mj + Qk — Sym — 2% +4)[8.b = (m + @k — Hmp — k +3)[4.c =

my(my + 2k — 3)/8, my € N, masses are equal;
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4. a =c = (mi+Q2k—5)my—2k+4)/8,b = (m}+Q2k—5)m;—2k+6) /4, my =2,3, ...,
masses are equal.

We shall consider equation (30) for the Coulomb and oscillator potentials.

6.1. Coulomb potential

For the Coulomb potential,

1
V(,=—Zcot£:L r——1, y >0 31D
R R 2R r

theorems 1 and B.1 imply the self-adjointness of the two-body Hamiltonian Hy, with its
domain defined by (B.1), where Vi =0forO <r < land V|, =V, for 1 <r < oo.

Equation (30) for V = V, is the Fuchsian differential equation (see appendix C) with four
singular points » = 0, i, co and corresponding characteristic exponents:

P =12 —n+(n—2)2+32a), P =12 —n+/(n—2)2+320),
p$)=%(n—1:l:\/(n—1)2+8(mER2—imRy+a—b+c)), (32)
P =1 —1£ /(= D>+ 8mER> +imRy +a — b +¢)).

Here and below we suppose that a square root for a positive number is positive; for other
numbers it is an arbitrary root.

The requirement f (r)y¥p € Dom(Hy,) restricts asymptotics of f (r) near singular points
r=0and r = co. Let f(r) ~ r*” asr — +0 and fry ~ r""" as r — +00. We shall
show that f(r)¥p € Dom(Hy,) iff p©@ = pJ(,O) and p> = pioo).

The inclusion

fec(r, Y
(42
evidently implies p@ > —n/2, p©® > —n/2. On the other hand, one can easily see that the
inequality a > 1/8 leads to p(,o) < —n/2 and the inequality ¢ > 1/8 leads to ,o(f’o) < —n/2.

From the consideration above it follows thatif a < 1/8 (¢ < 1/8) thena = 0(c = 0).
For a = 0, the inequality ,0(_0) =2—n> —n/2impliesn < 4.

For a = 0,n = 3, the asymptotic f(r) ~ Y = 1/r means that A(fy¥p) ~ §(0) as
r — 0 that contradicts to

A(fyp) € L3 (8" xS", x X x), (33)

see theorem B.1.

For the case a = 0,n = 2, ,oJ(,O) = pﬁ)) = 0 holds and the theory of Fuchsian differential
equations [55, 56] implies that canonical asymptotics of a solution for (30) near r = O are 1 and
log r. The latter asymptotic again leads to A(f¥p) ~ §(0) as r — O that again contradicts
to (33).

Thus, in all cases it should be f(r) ~ o as r — 0. Reasoning in a similar way one

also gets in all cases the asymptotic f(r) ~ r=" as r — +00.

Consider the problem of reducing equation (30) with potential (31) to the hypergeometric
equation via reducing (30) to the Heun equation by transformations (C.2), (C.3) and then using
theorem C.1.

Singular points of equation (30) form a harmonic quadruple (see appendix C). Therefore,
one can use only the first case of theorem C.1. Move singular points (0, =i, 0o) of
equation (30) to the quadruple (0, 1, 2, 0o) by a fractional linear transformation ¢ = 7(r)
of the independent variable.
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Since the order of singular points on a circle or on a line is conserved by such a
transformation only two possibilities can occur. The first one corresponds to the map of
the unordered pair (+i) into the unordered pair (0, 2). The second one corresponds to the map
of the unordered pair (0, co) into the unordered pair (0, 2).

Then, one can reduce the transformed equation to the Heun one by a substitution of the
form (C.3). One of requirements of the first case of theorem C.1 is the equality of characteristic
exponents at points 0 and 2. In terms of characteristic exponents (32) it means that either
| ol — p(,i)| = | ol — p(,_i)} or | o0 _ o0 )} = | Pl _ p(,oo)|. The first possibility cannot
occur for a nontrivial y. Therefore, without losing generality, one can consider the map

2
t=1(r) = —r_, T:(—1,0,i,00) — (00,0, 1,2).
r+i
This map transforms equation (30) with potential (31) into the equation
Ju @)+ AQ@) f (1) — B(1) f(t) =0, [t —1=1, Imt <0, (34)
where
t? —2nt +2n —2
_,4([) _ n n n ’
tit—1)(t —2)
B() = SMER (1t = 2)° + Ryit (1 =) = 21 +2)) +a(t = 2)' = br(t = 2)* + et

12(t — 12t — 2)2
The substitution
FO =" = =2 wn
transforms (34) to Heun equation (C.10) with the parameter y’ instead of y, where
a=p"+pl + o+ o7 p=p0 +pP "v oV d=2,

y' =1-p2+p, §=1-p"+pf, e=1-p"+p.

+pi>

Here, o (t— 1)”ii ) (t— 2)"@ means the function holomorphic on C\ (—oo0, 2] and real for real
t > 2. Restrictions on asymptotics of the function f near the points r = 0, co are equivalent
to the boundedness of the function w(¢) near the points t = 0, 2.

Obviously, the accessory parameter ¢ can be found as

0 @ (00) ©) (¢ O -1 2 0) (@)
P+ P+ P+ )A(t)+p+ (:0+ ) P+ P+

= —2lim¢ | —B() + + + +
1 tgr(l]( ® (l t—1 t-2 12 td—1)

0) (0)

2p."p i i
T ) — 4009 42006 — (1= 3)p? + (1 — (29" + o)

—4mRyi+ 16a. (35

Theorem C.1 implies that this Heun equation can be transformed into the hypergeometric
equation by a rational change of independent variable 1 — z : z = P(¢), where P is a rational
function, iff

vy =g, (36)
aff —q =0. (37

Equation (36) is equivalent to

a=c. (38)
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Using the equalities

a=pP+p0+ 0+ n—1+/(n—1D2+8mER*+imRy +a — b +0)),
B=pL+pP+p+1in—1-/(n—1)2+8mER>+imRy +a — b +c)),

one can rewrite equation (37) as
(P +p® + p + L(n — D)’ - L= 1)?+8mER* +imRy +a — b +¢)) — 4p p
—2p0p 4 (n —3)p " — (n — l)(prri) + ) +4mRyi— 16a

N
2 )\ 2 00)\2 i 00
= (PO) 4 (b0 + (0) + 20 (0 — p0) + (21 — 40
—(n—1p® +2mRyi—2mER* — 18a +2b — 2¢ = 0. (39)

Excluding squares of values pf,o), pf), pioo) from (39) with the help of obvious equations

2

(pio)) +(n—2)p —8a =0,

(p®)? = (n = 1)p® — 2mR(RE — yi) — 2(a — b +¢) =0,

(p9) +(n —2)p — 8¢ =0
for characteristic exponents, one gets

209 —n+2)(p! — o) +8(c —a) = 0.
For a = ¢, it holds ,oioo) = ,oJ(,O) and thus equation (37) is a consequence of (38).

From here till the end of the present subsection we suppose that @ = ¢. This condition

corresponds to cases 1 and 4 of proposition 3, cases 1, 2, 5 and 8 of proposition 4, and cases
1 and 4 of proposition 5.

The fist case of theorem C.1 implies then that the function w w.r.t. a new independent
variable

zi=1—(@—1)*=t2-1) (40)
satisfies the hypergeometric equation:
21=2w"@)+ (7 — @+ B+ DIw'(2) —Fhw() = 0. (41)

The correspondence between characteristic exponents of the Heun and the hypergeometric
equations connected by (40) implies

Y=y =1+y/(n—-22+32a R, d=j3a=13+3/(n—22+32a+1(s+3) €R,
B=1iB=1+1/(n—22+32a+ (s +5) ¢R,

where s = /(n — 1)2+ 8(mER2 +imRy +2a — b).

Since
N
r—i
Z_1=_ R )
r+i

the half-line [0, co] on the r-plane is mapped into the circumference on the z-plane defined by
the equation |z — 1| = 1, while the values r = 0, co correspond to the point z = 0.

The function w(z) is bounded near the pointz =0and 1 —y = —/(n — 2)2 + 32a < 0;
therefore it holds that (see (C.5))
w(2) = wi(2) i= e, F@ B;

w(z) = w_(z) :=c_F(«, E;

y;2), z€(z=1]=1,Imz > 0), ¢, = const,
y;2), z€(z—1]=1,Imz <0), c¢_ = const.
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An equivalent problem for the hypergeometric equation was considered in [14]. However,
there was made an assumption equivalent to ¢, = c_ without any proof (formula (3) in [14]).
Below we fill this gap.
Functions w4 (z) should be analytic continuations of each other through the regular point
z = 2.3 Due to formula (C.6) (applicable since y — & — B ¢ R), it means that functions
LITOHrG-a—p
T R e—
Ly —a)l'(y = B
and
. rMry —a—4)
Fy —ary —-p
are analytic continuations of each other through the point z = 2 as well as functions
rGHr@+p -y

F@ B a+B—y+1;1—-2), z—1]=1, Imz>0

F@ B:a+p—y+1;1-2), lz—1l=1, Imz<0

A2 PP -G, 7By —a—F+1;1-2),

Cy

r@r @)
lz—1=1, Imz>0
and
LHr@+p -y

R I B N v R ST
r@T %) (1-2) Fy—oa,y—8y—a—-+11-2),

z—1=1, Imz<O.
The first requirement is equivalent to the equality
FGHry—a—p _
Fy-&ary-p
while the second one is equivalent to the equality
FGr@+p -y _

(cv —co) 0, (42)

. —c_exp2mi(y —a — B — 43
(¢4 —c_exp2ri(y —a — B))) NG (43)
Since y —a — E ¢ R, linear system (42), (43) has a nontrivial solution c,, c_ iff either
rorG-a-p _ o TOr@+-y _,
ry —a)r'y —p) I'@)T(B)

Taking into account — f ¢ R, B ¢ R,one gets ¥ —& = —k+lord = —k + 1,k € N.
Not losing generality suppose that Res < 0. Then, the first equality is impossible and
the second one yields

4imRy
s=1—-2k—+/(n—2?+32a+ ,
1—2%—/(n—2)2+324

since Im s> = 8im Ry. From the definition of s, one gets therefore the following formula for
energy levels:

1 (1 % -1
E = <§(k2—k+l)—%+2a+b+ : \/(n—2)2+32a>

T mR?

2my?

(S =22 +32a+2% —1)?

These energy levels are degenerated and their multiplicities coincide with multiplicities
of eigenvalues in propositions 3-5.

k e N.

3 Recall that the function F (e, B'; y'; z) is holomorphic in C\[1, +00).
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Taking into account all transformations used while reducing equation (30) to the
hypergeometric one, we get the following expression for radial eigenfunctions (up to an
arbitrary constant nonzero factor):

k—1

e =iy B, iy
(00)

fe(r) = (r+ )l g Uk = j = D) ¢+

where pf,o) , ,ofr'), on o) ,E and ¥ are given by above formulae for E = E.

6.2. Oscillator potential

The oscillator potential for the sphere S” has the form

2 R2w2r2
V,(r) = —szztanz p_ter wcR,.
R (1—r?)?
It has a positive singularity along the sphere equator and looks like an infinite potential well.
Therefore, from the physical point of view it is natural to consider wavefunctions defined on
M’ and vanishing as r — 1.

From the mathematical point of view theorem B.1 is not applicable since
Vo & L1 (S" x 8", x x X).

However, since V, > 0 one can use the Friedrichs extension (Hy,)r of a Hamiltonian
with the domain given by theorem B.2, where M’ C S" x S§" is defined by the inequality
r =tan(p/(2R)) < 1.

Equation (30) for V =V, is a Fuchsian one with six singular points 0, 1, =i, oo and
corresponding characteristic exponents:

o0 = 1(2 —n+(n—2)?2+32a), P =12 —n+/(n—2)2+320),
,o< =pf" =l —1D 1/t -~ 1)2+8mER> +4mR*«? +8(a — b +¢),
P = Y = L(1 £ T % 4Rmad).

Similarly to the previous section the function f(r), r € (0, 1) should be ~r? asr = +0.
On the other hand, the inclusion

Fr)¥p e WHEM', x x x)

implies the convergence of the integral

/M/ &(V(f¥p), V(f¥p))dy x dx, (44)

where g, is defined in (5) and V means the gradient operator.
The convergence of (44) is equivalent to the convergence of its ‘radial part’

nldr
2
/ FOP Gy

Therefore, if f ~ r”" asr — 1 — 0, then p® > 1/2 and thus p» = r#+ .
Conversely, it can be easily verified that if f is a solution of (30) with asymptotics f(r) ~

7 asr — 0and £(r) ~ r* asr — 1 —Ofor V = V,, then f(r)¥p € Dom((Hy,),)-
Fortunately, one can glue points r = %1 together (as well as points r = =+i) by the change

of the independent variable r — ¢, ¢ = r2, which transforms the differential equation under
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consideration into the following Fuchsian differential equation with four singular points:

n+(4—n) 2 2, 2ROC\ @ _
et rewn e (mR (E ((—1)2) ;7 “)f_o’
0<¢<1. (45)

The singular points —1, 0, 1, oo of this equation form a harmonic quadruple and correspond,
respectively, to the following characteristic exponents

@) 10 ) 1 (c0)
P+ s 30+ s o+ 2P+ -

The same arguments as for the Coulomb problem leads to the conclusion that the only
possibility to transform equation (45) to the hypergeometric one via transformations (C.2),
(C.3) and then using theorem C.1 corresponds to the map of the unordered pair (0, c0) into
the unordered pair (0, 2) by a Mobius transformation.

Without losing generality, one can consider the substitution

2
t=1t@) = C%’ 7: (—1,0,1,00) — (00,0, 1,2). 46)
The interval under consideration for the variable ¢ is again (0, 1). Substitution (46) transforms
equation (45) into equation (34) with

_n(t—1) 2 ) R*&?t(t —2) _2a ct
At) = 2 B(t) = =2 (mR <E+ 20— 1) ; +a b+t—2 .
Define a function w(#) by

w(t) =17 (0 = D (=27 f ).

It satisfies Heun equation (C.10), where

0 1 i 0 1 i

a=3p" 4o+ 500 4ol B = 1o pV 4 1 4 0 d =2,
0 0 1 1

y =1+ - p?), §=1+p" — o0, e=1+1(0 — p).

Here, =5 (t — 1)_”9)0 - 2)_%"@ means the function holomorphic on the domain
C\((—00,0] U [1, +00)) and real for real t € (0,1). Restrictions on asymptotics of the
function f (r) near the points r = 0, 1 are equivalent to the boundedness of the function w(z)
near the points t = 0, 1.

Calculation, similar to (35), yields the following value of accessory parameter ¢
for (C.10):

1 1
g =—-2mR*E +2b+n (,ofrl) + pr’”) +2p0pM 4 E,ofro)pfroo) + %pfro).
Condition (36) of theorem C.1 is again equivalent to (38). Condition (37) of the same theorem
can be written as

af—q=p"(p —p”) =0,

which is again a consequence of (36).

Suppose that condition (36) is valid. Thus, we are in the situation of the first case of
theorem C.1 and changing the independent variable ¢ by a new one z according to (40), one
gets hypergeometric equation (41) with
la=12+y(n—22+32a+ V1 +4R*mo? +35),
IB=12+V/(n—22+32a+V1+4R*ma? — ),
14

=1+3y(n—2)%+32a,

<™ RN
|
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where s = /(n — 1)2 + 8mER? + 4mR*®? + 16a — 8b. The interval (0, 1) > ¢ corresponds
to the interval (0, 1) > z, therefore the requirement on asymptotic of the function f(¢) near
the point # = 0 implies

w(z) = F@, B ¥: 2).

Also due to
V—d—B=—iV1+4R*mo? <0, Red > 0

and (C.9), the requirement on asymptotic of the function f (#) near the point r = 1 implies
B =—k, k=0,1,2,....

This leads to energy levels

((4k +2+ v/ (n — 2)2 +32a)% — —16a+8b + 1)

v 2)2+32(1),/1+4R4 > k=0,1,2,....

Again multiplicities of these energy levels coincide with multiplicities of eigenvalues in
propositions 3-5.
The expression for radial eigenfunctions (up to an arbitrary constant nonzero factor) is

k8R2

o 2 = 1P z": () @); 4irY

I = D T & = L), e D

where pf,o) , oW pl § and y are given by above formulae for E = Ej.

7. Conclusion

The possibility to find in an explicit way some (but not all) eigenvalues for a Schrodinger
operator characterizes so-called quasi-exactly solvable models [43—45]. In the present paper,
we have shown that the two-body problem on spheres S” with Coulomb and oscillator potentials
is quasi-exactly solvable for any n. A possible generalization for other compact two-point
homogeneous spaces is an open problem.

The quasi-exactly solvability here is an attribute not of a radial differential equation (30),
but of the whole problem. It stems from the two causes. The first cause follows from the
fact that we restrict our consideration on the subspace of £(G, K, i) (see (12)) consisting
of common eigenfunctions for operators D(Z), Dy, D, and optionally D3;. For every such
eigenfunction one gets a separate radial differential equation (30). For the Coulomb and
oscillator potentials this equation can be reduced to the Heun one, but the further reduction to
the hypergeometric equation using Maier’s scheme is possible only for some eigenfunctions
(just for those that satisfies equation (38)) and this is the second cause.
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Appendix A. Orthogonal complex Lie algebras and their representations

A.l. Lie algebra By

Here is a brief description of the simple complex Lie algebra B = so(2k + 1, C) (see [46, 47]
and [48] for details).

Denote
0 0 . 0 0 1
00 ... 010
S=1|. . . o e GL(i), i eN.
1 0 ... 00O
Consider the Lie algebra B, = so(2k + 1, C) as
B = (A e glRk+1,C)|AT Sops1 + Sois1A = 0). (A.1)
Following [36], we shall enumerate the rows and columns of A € ®B; by the indices
—k,...,—1,0,1, ..., k. The convenience of such notation is due to the fact that subalgebras

B; C By, i < k, correspond to indices of rows and columns from —i to i.
It can be easily shown that a matrix

A=Y"ajE;; € gl2k +1,C)
i,J
belongs to By iff a;; + a_; _; = 0, which means that A is skew-symmetric w.r.t. its secondary

diagonal.
Let F;; = E;; — E_; _;. Itis easily seen that

(Fijs Fpgl = 8jpFig — 8ig Fpj +8_pi F—gj +6_jq Fp —i.

The algebra By is spanned by elements F;; with i > —j. Evidently, F; _; = 0 and
Foj—i = —Fi.
Elements F;;,i = 1, ..., k form a base of the Cartan subalgebra b, C By, which consists
of elements of the form
X = diag(_xkv “Xk—15 -5 —XI, Os X1y ewes Xk—1, xk)'
Let &; € b such that &;(X) = x;, i.e. & is a base in h; dual to F;;,i =1, ..., k. Define a
symmetric nondegenerate bilinear form (-, -) on ‘B as
(A, B) = 1 trAB, (A.2)
which is proportional to the Killing form. Clearly,
(F}j,qu)Z(S[[,(qu, > —j, q > —p.
In particular, Fj;,i = 1, ..., k, is an orthogonal base in by.
The form (-, -)|y, generates the isomorphism x : b — b} by the formula »(X) = (X, -).
Specifically, % (F;;) = & and ¢;,i = 1, ..., k is an orthonormal base in h; w.r.t. the form

(fi, ) o= (D, (), fi, f» € b

Using this notation one can describe the standard form of the root system for B in the
following way. Let

Do, 1= (Lei, ke g |i#j,i,j=1,...,k)
be a root system in By,

. . C .
Q%k = (&, e +ej, e —€j|i>j,i,j=1,...,k)
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be a system of positive roots and
Ay, =y =¢,0, =6 —¢_1|i=2,...,k)
be a system of simple roots, corresponding to the inverse lexicographic order. A subalgebra
B; C By, i < k, corresponds to root systems P, , <I>+%i and Ag,.
Let L, be a root subspace in By, corresponding to a root o € $3,. Then,

L_., = span(Fp,), L., = span(Fj), Le,—¢; = span(Fy;), (A3)
Le+e; = span(F; _;), L_¢ ¢, = span(F_;;), i,j=1,...,k. '

Fundamental weights for B, are

k k
1 .
)\.125281', )\.iZZé‘j, l=2,...,k.
j=1 Jj=i
Let
k
=Y M, A eZy:=(0)UN
j=1

be a dominant weight and V(1) be an irreducible finite-dimensional B;-module with the
highest weight L. All finite-dimensional irreducible representations of B are of this form,
modules V(1) with different A are not isomorphic to each other and V (1) corresponds to a
(single-valued) representation of the group SO(2k + 1) iff A; is even. The dominant weight A
can be written in the form

k
A= omien,  mgzmey e zm 20, (A4)
i=1

where either all m; € Z, orallm; € Z, + % Even values of A; corresponds to m; € Z,. Let
8 be the sum of fundamental weights. Then it holds

k 1 k k 1
3:21,:5 Za:Z(i—E)si. (A.5)
i=1 i=1

aeCD:'Bk
The universal Casimir operator C € U (By) is

k
C =Y (F2+(Fo. Fal)+ Y ((Fyj. Fyi} +{Fisj. F_ji)). (A.6)
i=1 i>j>0
The following formulae are valid for any semisimple Lie algebra:
Clyogy = ({§+X,8+X) —(6,6))id, (A7)
dimve) = [ +8.@) / J]s. ). (A.8)
a>0 a>0

where « > 0 means a positive root.
For any semisimple Lie algebra g and its Cartan subalgebra b, the module V(1) can be
decomposed into the finite direct sum of weight subspaces

Vo) =P Vi),  neb
"

where Yv € V,, (1), Vh € b, it holds h(v) = w(h)v and the sum is over weights of the form
=Y iga, iy € L.

a0
Besides, for any root « of g one has

€t V(D) = Via (1), & € Lq. (A.9)
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A.2. Lie algebra ®;,

The Lie algebra ©; is the subalgebra of ‘B, consisting of matrices whose column and rows
with the index O vanish. We shall discard these null row and column and shall enumerate
other rows and columns of A € ©; by the indices —k, ..., —1, 1, ..., k as before. The Cartan
subalgebra b, C Dy is the same as in the *B;-case. Describe the D -case briefly, emphasizing
differences from the 5, -case.
Now one has
Do, = (ke Lgjli #j,i,j=1,...,k),
d%k =(gi+ej,8—¢gjli>j i, j=1,...,k),
A@k = (Ol] =&+ &,q =¢&; —8i_1|i =2,,k)
The root subspaces L+, are the same as in B -case.
Fundamental weights are

k k k
1 1 1 .
)»1255 Ej, )»2:—581-1-55 Ej, Ai = E Ejs lZ3,...,k.
Jj=1 J=2 J=i

The sum of fundamental weights is

A dominant weight

k
A=Y Wr A eZy = (0)UN
j=1

now has the form
k
A=) mig, ome=me = =my > myl, (A.10)
i=1

where eitherm| € Z,m; € Z,,i > 2orm; € Z + %,mi € Ly + %,i > 2. Again ©;-modules

with integer m;, j = 1,...,k, correspond to (single-valued) representations of the group
SO(2k).
The universal Casimir operator C € U (®;) is
k
C=) Fi+ Y (Fj Fi}+(Fij. F-ji}). (A.11)
i=1 i>j>0

A.3. Restrictions of B- and ®-representations

The following results were found in [49] (see also [50]).
Let Vg, () be a simple B;-module with a highest weight (A.4) and Vo, (1) be a simple
®-module with a highest weight

k
A= E mie;, m
i=1

-=my > |ml.

»\
WV
3

o
WV
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Proposition A.1. The restriction Vs, (X)|p, of the irreducible By-representation onto any
subalgebra Dy C By, expands as follows:

Vs, (Wlo, =P Vo, ),
)\./

where the summation is over all X' such that
My =My = Mgy = -+ = my = my =my = —my

and all m/] are integer or half integer simultaneously with m ;.
Let Vs, ,(A) be a simple By_-module with a highest weight
k—1
V= me, M =m_, = =mhy=m) > 0.
i=1

Proposition A.2. The restriction Vo, (M|, , of the irreducible ®y-representation onto any
subalgebra By _; C Dy expands as follows:

Vo, W, , = D Vi, W),
-

where the summation is over all ) such that
Mg =My = My_y = -+ = mp =m = |my|

and all m/j are integer or half integer simultaneously with m;.

Appendix B. Self-adjointness of Schrodinger operators on Riemannian spaces

Here, we shall formulate two results concerning the self-adjointness of Schrodinger operators
on Riemannian spaces, which is used in section 6.
The first theorem is a result from [51], restricted onto the scalar case.

Theorem B.1. Let M be a Riemannian manifold of a bounded geometry, dim M = £, and
W be the measure on M generated by its metric. Also suppose that the potential V can be
represented in the form V.= V| + V,, where real-valued functions Vi, V, are as follows:
o<V e EIIOC(M, w), 0=V, e LP(M, ) for p=12£/2if€ > 3, for p > 1if £ =2, and for
p=1lift =1

Then the operator Hy = — A +V is self-adjoint with the domain

Dom(Hy) = <u € W1’2(M,,u)|/ Vilul*du < +oo, Hyu € L2(M, u)) , (B.1)
M

where Hyu is understood in the sense of distributions. Here, wh2(um, W) is the Sobolev space,
consisting of functions on M that are in L*(M, ) with their first derivatives.
Also Vu € Elloc(M, W) for u € Dom(Hy).

The definition of a Riemannian manifold of a bounded geometry can be found in [52].
Note that compact and homogeneous Riemannian manifold is always of a bounded geometry.

If the potential V is notin £} .(M", j1) then theorem B.1 is not applicable. If instead V is
bounded from below, one can try to restrict the Schrédinger operator onto some submanifold
M’ of M* such that V| € Elloc (M’, n) and construct the Friedrichs self-adjoint extension
[53] of —A +V from the initial domain C°(M’). This procedure is physically motivated for
instance in the case when V — +00 near the boundary of M’ and therefore wave functions
should vanish near this boundary.
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Let us turn to the accurate mathematical description. Let M’ be an open connected
submanifold of a Riemannian space M of dimension £ with a metric g and an induced measure
. We do not suppose that M’ is complete w.r.t. the Riemannian structure induced by the

Riemannian structure on M*. Let V > C € R be areal-valued function from £} .(M’, 1) and

H' = —A+V be a Schrédinger operator with the domain C2°(M’), consisting of all infinitely
smooth complex-valued functions in M’ with compact supports. Not losing generality we
suppose that C = 1. Let Hr > id be the abstract Friedrichs extension of H’ [53]. We need a
precise description of Dom(Hp).

The operator H' generates sesquilinear nonnegative form ¢y by the equality

G V) = / (Hp)v du
.

with the domain C2°(M’). Evidently, its closure is
4 o.0) = [ @90, 99)+ Vv du B.2)
M/

with Dom(gy,) C £2(M’, i) being a closure of C (M) w.r.t. the inner product (B.2), where
V is the gradient operator given in local coordinates by the equality

9y
Vy =gkt ©
v=¢ axk 9xJ

The operator Hp is defined by the identity
(©(V6.V9)+ Voyrdu= [ pHrvdu Vo eDom(an). ¥ €Dom(t)
M M

Thus,
Hey = (A ¢ + V)dists Y € Dom(HF). (B.3)

Theorem B.2. The domain of the operator Hp is
(¥ e WML |V € Ligo(M', 105 (=AY + VPaise € L2(M', 1))
and Hp acts by formula (B.3).

The proof of this theorem repeats mutatis mutandis the proof of theorem X.27 from [53]
using the generalization of the Kato inequality for Riemannian spaces [54].

Appendix C. Some Fuchsian differential equations

For convenience of references we collected here basic facts concerning some Fuchsian
differential equations of the second order: the Riemannian equation and the reducibility
of the Heun equation to the hypergeometric one. For details see [55-60].

The linear differential equation

w”(2) + p1)w'(z) + p2(D)w(z) =0 (C.D
on the Riemannian sphere C = PY(C) with meromorphic coefficients p;(z),i = 1,2, is
Fuchsian [55] iff

qi(2)
Pi(d) ==
[T,z — )
for some singular points 7y, . . ., z,, € Cand polynomials g;(z) of degrees < i(m—1), g; (zx) #

0. One can find characteristic exponents p@ of (C.1) at the point z; by the substitution
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w(z) = (z — zx)?™ into (C.1) and keeping only leading terms as z — z;. This procedure

. . . (zx) + _ . . .
gives a quadratic equation for o). Denote by( ,?l. ¥ i = 1,2 its solutions for all points
Zk, k = 1,...,m. The substitution w(z) = z7°  similarly gives characteristic exponents
P15 ---s Py Inthe infinity.

An information on singular points and corresponding characteristic exponents of
equation (C.1) can be encoded in the Riemann P-symbol P{A; z}, where the first row of a
matrix A consists of singular points and other rows of .A consist of corresponding characteristic
exponents.

Equation (C.1) with three singular points is called the Riemannian equation. Coefficients
of the Riemann equation are completely defined by its characteristic exponents.

There are two types of variable change, transforming any Fuchsian equation into another
Fuchsian equation. The first one is a linear-fractional (Mdbius) transformation of the
independent variable:

at + B

=1, 7= —7, ad — By # 0. (C2)
yt+4

By such transformation one can move three singular points into three arbitrary points of C
with the same characteristic exponents.

The second one is a linear transformation of the dependent variable

z—z21\?
w(z) = wi(z) = <—> w(z), (C.3)
Ve 22

which conserves singular points, but changes the characteristic exponents

pi(m) - pi(m) +q, pi(Zz) i(Zz) —q, i=1,2.

Using these transformation for the Riemannian equation one can move three singular
points into the triple (0, 1, 00) such that p* = p{" = 0. If one denote p\* = a, p{™ = B
and ,oéo) = 1 — y, then the Fuchs identity for this equation gives ,oél) =y —a — B that
corresponds to the hypergeometric or Gauss equation:

—p

21 =W @+ (y — (@ + B+ Dw'(z) — afw(z) =0. (C.4)
The P-symbol of equation (C.4) is
0 1 00
P 0 0 o ;z

l—y y—-a-8 B
Many quantum mechanical problems for constant curvature spaces can be reduced to this
equation, while their Euclidean counterparts lead to its limiting cases, obtained from (C.4) by
confluence of singular points (such equations are not Fuchsian).
We shall consider only solutions of (C.4) in the case y # —m,m € N. Solutions
of (C.1), corresponding to different characteristic exponents near some singular point, are
called canonical solutions near that point. The series

o0

(@)n(B)n 2"
Fla,Biyi2) =) —————. lz| <1 (C.5)
; Wa !
where (a), := a(a+1)---(a+n — 1), (a)g := 1, is the canonical solution of (C.4),

corresponding to the characteristic exponent p{o) = 0. The function F(«, B; y; z), defined
by (C.5) for |z| < 1, can be analytically continued for z € C\ (1, +o0) [56, 57].

Evidently, F(«, B;y;2) = F(B,a; y;2). fa=—morf=—m,m=0,1,2,...,then
F (o, B; y; z) is a polynomial of degree m.
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Another canonical solution of (C.4), corresponding to the characteristic exponent
péo) =1l—yfory ¢ N,is

dTVFla@—y+1,B—y+12—y;2).

Canonical solutions near the singular point z = 1 are
Fla,B;a+B—y+1;1—72)

andif y —a — B ¢ Z also
A=2"“PFly —ay =iy —a—p+1;1-2).

There are expansions of F (o, B; y; z) through canonical solutions near the singular points
z = 1and z = oo [57, 58], important for spectral problems. The first one, used in the present
paper, is

Iy —a—p)

Fla,Biyia) = F(y—a)F(y—ﬂ)F(a’ﬁ;a+'3_y+1;1_2)
FOT@+B=) g ~
F@)TB) (1-2)7 Fly —a,y =B,y —a—-p+1,1-2),
larg(l —z)| < (C.6)

ify —a — B ¢ Z. Here, I' is the gamma-function. It has no zeros and has poles of the first
order at the points z = —m, m = 0, 1,2, . ... Its logarithmic derivative ¥ (z) := I''(2)/ ' (z)
also has poles of the first order at the same points.

For y —a — B € Z, every summand at the right-hand side of (C.6) is singular and it holds
form=0,1,2,...

, L TmU@+p+m 't (@a(B) \
Flafra+femz) = F(a+m)F(,3+m)gn!(l—m)n(l_z)
T(a+p+m) e @ rm(Brm), -
" Ter® CT VL ey (7000
—Yyr(n+1) —yYrn+m+ D) +yYr(a+n+m)+yYr(B+n+m)), (C.7
. L _DmT@+p=—m N @—mu(B—ma
Flapiaspomd == rgy =9 L iy, (79
_CDT@pom) s @By

IMNa—m)['(B —m) e n!(n+m)!
x(n(l—z) —Yr(m+1) —yYr(n+m+1) +yYr(a+n)+yr(B +n)),

larg(l — 2)| <7, [1 —z] < 1. (C.8)

In the case Re (y — o — ) < 0, formulae (C.6) — (C.8) imply

ety = F@e+p—y)
F(@)I'(B)
The Fuchsian equation (C.1) with four singular points by transformations (C.2) and (C.3)
can be reduced to the Heun equation

w’ (@) + <Z +
t

1i_r)r} F(a,B;y; 200 — (C.9

+L>w’(l‘)+m—_q
-1 1-d -1 —d)

w(t) =0, (C.10)
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where 0, 1, d, oo are its four singular points (d # 0, l,00)anda+8 —y —§ —e+1 = 0.
The corresponding P-symbol is

0 1 d 00
P 0 0 0 a it
l—y 1-6 1—¢ B
Note that the accessory parameter g does not arise in this P-symbol.

The theory of the Heun equation is much less explicit than the theory of the Riemannian
equation. In particular, there are no explicit expressions of canonical solutions near different
singular points through each other. Therefore, there are only approximate methods for solving
spectral problems connected with the Heun equation, using continued fractions (see for
example [59] and references therein).

The substitution z = P (¢) for a rational function P transforms equation (C.1) into another
Fuchsian equation with generally a greater number of singular points. Therefore, sometimes
the inverse transformation can decrease the number of singular points of a Fuchsian equation®.

At the present time there is no general theory of such reduction. However in [60] there
were classified all Heun equations (C.10) that can be obtained by a substitution z = P(¢)
from the hypergeometric one (C.4). By the inverse transformation, these Heun equations are
reduced to hypergeometric equations.

The first condition for existing such reduction is the position of the point d. Let

(z1 — 23)(22 — z4)
(z1 — z4)(z2 — 23)

(21, 22, 23, Z4)er. 1=

be the cross-ratio of four pairwise distinct points from C. It is well known that a cross-ratio
is invariant under Mobius transformations. The group G4, permuting points z1, 22, z3 and z4,
acts on their cross-ratio. The cross-ratio orbit Og, (s) of s := (z1, 22, 23, Z4)cr. cONSists of
points s, 1 —s, 1/s,1/(1 —s),5/(s — 1), (s — 1)/s € C.

In general position this orbit consists of six points, but there are two exceptional cases: the

orbit —1, 2, 2 and the orb1t >+ “[1 If (z1, 22, 23, Z4)cr. € ( 1,1 3 2) then (z1, 22, 23, 24) is a
harmonic quadruple. 1If (zl, 22,23, Z4)er. = & s+ ‘[1 then (z1, z2, 23, 24) 1S an equianharmonic
quadruple.

Points of a harmonic quadruple lie on a circle or on a line. By a Mobius transformation
they can be mapped into vertices of a square in C. If (z1, 22, 23, 00) is a harmonic quadruple,
then (z1, 22, z3) are collinear, equally spaced points. If (z1, z2, 23, 00) is an equianharmonic
quadruple, then (z1, z2, z3) are vertices of an equilateral triangle in C.

Theorem C.1 ([60]). All cases, when nontrivial Heun equation (C.10) (i.e.,af # 0orgq # 0)
can be obtained from the hypergeometric one (C.4) by the rational substitution z = P(t), are
as follows:

1. Harmonic case: d € Og,(2). Suppose d = 2, then q/(af) must be equal 1, and
characteristic exponents of pointst = 0 and t = d = 2 must be the same, i.e. y = €. The
function P(t) is a degree-2 polynomial and can be chosenas P(t) = t(2—t) = 1—(t—1)%.
Itmapst =0,2toz =0andt =1toz = 1.6
If additionally 1 — 8§ = 2(1 — y), then P(t) can be chosen also as degree-4 polynomial
4(t@2—1) = 1), which maps t =0,1,2 10z = 1.

4 Generally, the inverse transformation does not conserve the Fuchs class of differential equations.

SIfd e Og 4+ (s), then the quadruple (0, 1, d, o0) can be mapped into the quadruple (0, 1, s, 00) by a Md&bius
transformation, which also transforms parameters of equation (C.10).

6 This transformation was found already in [61].
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2.d € Og,(4). Suppose d = 4, then q/(af) must be equal 1, characteristic exponents of
the point t = 1 must be double those of the pointt = d = 4,ie. 1 —5§ = 2(1 — ¢),
and t = 0 must have characteristic exponents 0,1/2,i.e.y = 1 The function P(t) is a
degree-3 polynomial and can be chosen as (t — 1)2(1 - —) It maps t=0toz=1and
t=1,4t0z7=0.

3. Equianharmonic case: d € Og, (% + %51) Characteristic exponents of pointst = 0,
are the same, i.e.y = § = ¢. Suppose d = % + ‘f

1,d
1 :5'
, then q /(af) must be equal i
The function P (t) is a degree-3 polynomial and can be chosen as (1 — t/(i % )) Lt
mapst =0,1,dtoz =1andt = q/(ap) to z = 0, thus creating a new singular point.

If additionally y = 6§ = ¢ = % then P(t) can be chosen also as degree-6 polynomial

3 2
4111 ! !
143 2]
27 %
whichmapst =0, 1,d,q/(aB) to z = 1
4.d € (964(% 5ﬁl) Suppose d = 5 + 5\—f1 then q/(af) must be equal 5 + f

characteristic exponents of the point t d must be 0,1/3, i.e. ¢ = 2/3, and pomts
t = 0, 1 must have characteristic exponents 0, 1/2,i.e. vy =8 = 1/2. The function P(t)
is a degree-4 polynomial and can be chosen as

3
t t

T 1, 53 1, 2
§+Tl §+Tl

Itmapst =0,1toz=1andt =d, q/(oe,B)toz—O

5.d € (’)64(% “‘ﬁ) Suppose d = 5 11fl then q/(aB) must be equal 5 1 ‘/I—Esi
characteristic exponents of the point t d must be 0,1/2,ie. ¢ = 1/2, and points
t = 0, 1 must have characteristic exponents 0, 1/3,i.e. y =686 = 2/3. Thefunction P(t)

is a degree-5 polynomial and can be chosen as

;2025715 1 V15,
te—1)[r—= - =i
64 2 18

Itmapst =0,1,q/(@B)toz=0andt =dtoz = 1.

Note that there are three independent parameters in the first case of theorem (C.1) (for
example, «, B, ) and all other cases contain only one or two free parameters. It means that
the first case is more rife in applications. In fact, it is the only one which occurs in the present

paper.
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